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Abstract 

We derive the glueball masses in noncommutative super Yang-Mills theories in four dimen- 
sions via the dual supergravity description. The spectrum of glueball masses is discrete due 
to the noncommutativity and the glueball masses are proportional to the noncommutativity 
parameter with dimension of length. The mass spectrum in the WKB approximation closely 
agrees with the mass spectrum in finite temperature Yang-Mills theory. 
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1 Introduction 



In recent years, it has been possible to investigate aspects of the large noncommutative gauge 
theories in the spirit of the AdS / CFT 12l 01 correspondence. Noncommutative gauge theories 
arise as a certain low-energy limit of string theory in Neveu-Schwarz-Neveu-Schwarz (NS-NS) 
B- field background |3]. Supergravity duals of large N noncommutative gauge theories with 
maximal supersymmetry have been constructed as the decoupling limits of D-brane solutions 
with NS-NS B fields IHIIE]- Noncommutative gauge theories are intriguing dynamical systems 
which exhibit rich features such as gauge invariance, nonlocality and UV/IR mixing. These 
supergravity solutions have been used to investigate qualitative aspects of nonperturbative 
gauge theories [13 CHI 113 CHI dl 120] • Since noncommutativity introduces a new physical scale 
to the theories, it modifies the Wilson loop behavior. If noncommutativity effects are large, 
then they exhibit area law [121 1221 HI] • Supergravity duals of noncommutative gauge theories 
with less than maximal supersymmetry have also been constructed [71 [32] . The behavior of 
the Wilson loops in A/" = 1 NCSYM theory has been investigated from a deformation of the 
Maldacena-Niifiez solution, which is proposed as supergravity duals of A/" = 1 NCSYM theory. 
The quark-antiquark potential via the Wilson loop gives a same behavior as ordinary M = 1 
super Yang-Mills theory in the IR region, although the UV physics give a different behavior. 
The /3-function in the A/" = 1 NCSYM theory has also been computed and the /3-function of 
the NCSYM theory coincides with the ordinary one [32j. 

It is well known that noncommutative gauge theories have no local gauge invariant operators. 
Nevertheless there are non-local gauge invariant operators which are the Fourier transform of 
local operators attached to open Wilson lines [HI IH] • It seems to indicate that the supergravity 
fields act as sources of such kind of gauge invariant operators [TUl ITTl IT^ . The fact that 
supergravity fields do not depend on the noncommutative coordinates makes it easier to obtain 
the gravity fields that are dual to such kind of gauge theory operators. 

Supergravity solutions have been used to study qualitative aspects of non-perturbative gauge 
theories not only quark confinement, but also chiral symmetry breaking, renormalization group 
flow, binding energy of the baryon and glueball mass spectrum. A discrete glueball spectrum 
with a finite gap can be derived by compactification of the dual supergravity models. The 
radius of the compactifying circle provides the ultraviolet cut-off scale and the glueball masses 
are measured in unit of the compactification radius. The ratio of the glueball masses is a fairly 
good quantitative agreement with lattice data [2HI 1211 1231211 • 

In this paper, we study some nonperturbative aspects of noncommutative Yang-Mills (NCYM) 
theories by focusing on evaluating mass spectra of the glueballs. Since NCYM theories have an 
intrinsic physical scale, there is a possibility that the physical scale reflects the discrete mass 
spectra without any compactifications. The paper is organized as follows. In Section 2, we 
evaluate O"*""*" glueball masses in noncommutative super Yang-Mills (NCSYM) theory in four 
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dimensions by solving the wave equations for dilaton in the dual supergravity background. The 
mass eigenvalues can be determined approximately via the Wentzel-Kramers-Brillion (WKB) 
analysis. 0"^"'" glueball masses in NCSYM theory in a constant self-dual of gauge field back- 
ground are also evaluated using the dual supergravity description. In section 3, we evaluate 1 
glueball masses in NCSYM theory in four dimensions by solving the wave equations for anti- 
symmetric tensor field in the dual supergravity background. All the results are compared with 
the glueballs masses in finite temperature Yang-Mills theories from supergravity computation 
and lattice computations. Section 4 is devoted to conclusions and discussions. 



2 The 0+^ glueball masses in noncommutative gauge the- 
ory 

2.1 Glueball masses in NCSYM theory 

We begin with the D3 brane solution in a NS-NS B-field background in the near horizon limit 

EH 122: 

ds^ = a'R'^[u'^{-dxl + dxj + h (dxj + dxl)} + (— + dnl)] , (2.1) 

where 

h-' = l + a^u^ . (2.2) 

Here we assume that the NS-NS B field has the non- vanishing component of -823- In order 
to obtain NCSYM theory we should take the B-field to infinity in the near horizon limit as 
Ba' = fixed. The noncommutativity parameter a is related to the rescaling B-field B23 as 



The 0"''+ glueball masses can be derived from the 2-point function of the dimension 4 scalar 
operators O4 = trF"^. The scalar operators couples to the real part of a complex massless 
scalar field that consists of the dilaton and the Ramond-Ramond (R-R) scalar field. When 
we evaluate the 0"'"'' glueball masses, we have to solve the classical equation of motion of the 
massless dilaton in the supergravity background [221 1211 • Consider the wave equation for the 
dilaton: 

d, [e-^^^g^'^d^c^] =0. (2.3) 
Under the metric of (2.1) the dilaton equation (2.3) is given by: 

du [w^^nP] + u{kl - kl)p - (1 + a\^)u{kl + kl)p = . (2.4) 
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In deriving this equation, we assume that the dilaton (p has the plane wave form (p = e^^'^p{u). 
The glueball mass is equal to —k"^. In order to take in the effects of the noncommutativity 
to the wave equation, we choose a particular momentum = (— ^==, 0, — ^==, 0) that is given 

by the Lorentz boost of the rest frame momentum k^ = (M, 0, 0, 0). In other words, we consider 
the dilaton equation in the "moving" frame with the velocity f3 in unit of the light velocity 
[ini Cni IS21 • Then the equation (2.4) becomes 



du [u'dup] + - /^'(l + °'^')]/^ = • (2-5) 

When we change the variable io y = v?, the equation takes the form 

dy [y%P] + - + aV)]p = . (2.6) 

Since the differential equation (2.6) has singularities at y = and y oo, we rewrite the 
equation (2.6) by using a new variable a^y = e^. Then we have 

d^e'^d^p] + ^e^[l - 7e'1p = , (2.7) 

with 7 = Y^p-. For a definition of the new function p = e'^i/j we can obtain the Schrodinger- 
type equation as 

^" + 1/^ = 0, (2.8) 

where ' denotes the differentiation with respect to the variable z. The explicit form of the 
potential for the Schrodinger equation (2.8) is given by 

V = -^M^a^je-'(e' - a^X^)(e' - a^\_) , (2.9) 

where 



This potential has the turning points a.t z = ln(a^A_). We shall evaluate the mass spectrum 
within the semiclassical WKB approximation. The WKB approximation for this potential gives 



n + - I TT 



dzW 



oo 

A 
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where n denotes the integer. By substituting the variable y = A_t into the last line of Eq. 
(2.11), we can rewrite the WKB integral as 



1 

n -\ — I TT 



2 V 4 



M2a47(-A+) / rftr3/2(l-t)V 
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m=2 



In deriving Eq. (2.12), we have expanded the expression \J^~ the Taylor's series by 

taking account of the fact that < — < 1- The magnitude of the parameter ^ takes values 
smaller than 0.1 for the noncommutativity parameter a ~ and the velocity (3 < 0.8. Even 
though the noncommutativity parameter a takes large value such as a ~ 10^M~^, the parameter 
^ takes such a sufficiently small values in the low velocity {3 < 0.014. Hereafter we restrict our 
computation within the low velocity region where the perturbative analysis is appropriate. The 
right hand side of the expression (2.12) is given as the function of the dimensionless quantity 
(Ma)^. The glueball masses are obtained by solving the WKB approximation (2.12) with 
respect to the quantity (Ma)^ after carrying out the integration. Up to the leading order in 
the parameter ^ we obtain 

^ (2.n+l)^(2,,-l)(2n + 3) 

7 

Here we have utilized a regularization based on the analytic continuation for Euler's integral of 
the first kind: dtt~^^'^{l — t)^/^ = lim^^.i B{p, |) = — vr, where B{p, q) denotes the Euler's 
beta function. The mass spectrum for O"^"*" glueball is given by 



, .0++ 1 J (2n+l)2(2n-l)(2n + 3) 

=-lj/ > (2-14) 

The glueball masses (2.14) takes real numbers for positive integer n = 1, 2, 3, ... . Notice that 
the glueball masses are proportional to the inverse of the noncommutativity parameter a. When 
we take the commutative limit a — > 0, then the masses do not take the discrete values. 

Up to the sub leading order in the parameter ^ of the WKB approximation leads the mass 
spectrum for O"*""*" glueball: 



where f±{n) denotes some function of the positive integer n whose explicit form is given by 

f^{n) = 512n^ + 1024r2^ + 96^2 - 416n + 8 

± 8(16/22 + 16n - ll)x/(2n + l)2(4n2 + 4n - 2) . (2.16) 
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The glueball masses M^i^sl) ^^^^ positive real eigenvalues, while the other choice of glueball 

masses M^^^gj^-^ = ^ -y/^^^^ take complex eigenvalues. The states for 0"*""^ glueball with the 

masses M^^^^j^^ are unstable. As will be seen later, however, these unstable states are avoidable 
by virtue of introducing a constant self-dual gauge field background. 

As was expected that the glueball masses are given in units of the noncommutativity pa- 
rameter a. The noncommutativity parameter in the NCYM theory plays a similar role to a 
compactification radius in the Yang-Mills theory compactified on a circle, or the temperature 
in the Yang-Mills theories at finite temperature, where the temperature is proportional to the 
inverse of the compactification radius. [23 1211 12Z] • We should notice that the spatial noncom- 
mutativity make it possible to obtain discrete mass spectrum in the Yang-Mills theory without 
any compactifications. 

Although the expression (2.15) is a bit complicated, there is little difference between the 
ratios of the 0"*"+ glueball masses up to the leading order and the subleading order. The ratios 
of the O"*""*" glueball masses M^^^g^ obtained by solving the dilaton wave equation in the WKB 
approximation are listed in Table 1. 



state 


WKB (up to leading) 


WKB (up to subleading) 


0++ 


1 (input) 


1 (input) 


0++* 


1.85 


1.89 


Q++** 


2.64 


2.73 


qH — h*** 


3.43 


3.56 



Table 1: Masses of the 0++ glueball in NCYM4. 



The glueball masses also depend on the boost parameter 7, besides the noncommutativity 
parameter a. When we evaluate the glueball masses M in the rest flame with the boost 
parameter 7 = 0, then the glueball can not take the discrete mass spectrum with a finite gap. 
This is consistent with the fact that the effects of the noncommutativity are taken in by the 
moving frame. The ratio of the masses does not depend not only on the noncommutativity 
parameter a, but also on the boost parameter 7, which is a dimensionless parameter. This fact 
is not an accident. We can regard the WKB integral (2.12) as an algebraic equation for the 
variable M^a^7. If we can solve the algebraic equation, then we have the variable M^a^7 as 
a function of the integer n. therefore, the glueball masses are also a function of the integer 
F{n) as M = a~^''y~^^^F{n). Although the masses depend on the noncommutativity parameter 
a and the boost parameter 7, the ratios of the masses are independent of both parameters. 
Comparison of 0"^"^ glueball masses in finite temperature Yang-Mills theory in four dimensions 
from supergravity, besides of the lattice QCD results in four dimensions is shown in Table 2. 
From Table 2 we find that the difference between the supergravity or lattice results in the QCD 
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state 


NCYMi (WKB) 


QCDi{WKB) 


QCDi (Lattice) |2H1 123 


0++ 


1 (input) 


1 (input) 


1 (input) 


0++* 


1.89 


1.62 


1.75 (±0.17) 




2.73 


2.24 




Q-j — h*** 


3.56 


2.82 





Table 2: Masses of the 0"''"^ glueball from supergravity and lattice QCD. 



and the supergravity ones in the NCYM theory is small. 



2.2 Glueball masses in NCSYM theory in a constant self-dual back- 
ground 

In this subsection we evaluate the glueball masses in the four dimensional NCSYM theory in 
a constant self-dual gauge field background using the dual supergravity description. Its super- 
gravity dual is known as a limit of superposition of D3-brane and D(-l)-brane (D-instanton) 
backgrounds |2B 122] • The metric for the supergravity solution in the near horizon limit is: 



ds'' = a'R^ ( 1 + -f^ ) [u'i-dxl + dx\ + h {dxl + dxl)} + {% + dQl)] , (2.17) 

where 

1 + Ha'^u^ ' 

q 

with = 1 H — -. Here q denotes the D-instanton density. 

Under the metric of (2.17) we obtain the wave equation for the dilaton = e^^'^ p[u) 

du [w'a^p] + Y^A^ + ^'^^ + ^«V)]p = . (2.18) 

with a particular momentum = (— ^==, 0, —j==^ 0). Changing the variable to 2 = 2 In(aM) 
we have 

a. [e^^a.p] + ^e^[l + 7ife2^]p = , (2.19) 

where 7 = For a redefinition of a function p = e~^i/j we can obtain the Schrodinger-type 

equation as 

^" + vij = o. (2.20) 
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The potential V takes the form 

1 



V = -lMV7e-^(e^ - a^K+){e' - a^K_) , (2.21) 



where 



K± = :r-r- < 1 ± A/l + ^ 1 r7 )■ ■ 2.22 

^ M2a47 I V 4 ^ ' ^ ^ 

There is also a turning point at z = ln(a^K_). If the parameter 7 satisfies the condition: 



both of the parameters k± become real (and positive) numbers. The condition (2.23) shows 
that the boost parameter 7 is restricted within a certain range when | ^/l + — 1 1 is 
smaller than 1. The WKB approximation for this potential gives 



n + 1) . ^ ^\M^-a',f ^y f-^f--'^ . (2.24) 

where n denotes the integer. Here we have rewritten the WKB integral (2.24) by using the 
variable y = a~^e^. By substituting the variable y = K_t into Eq. (2.24), we can rewrite the 
WKB integral as 



1 

n -\ — I TT 
2 



In deriving Eq. (2.25), we have expanded the expression y'l — in the Taylor's series by 
taking account of the fact that < ——t < 1. 

The glueball masses are obtained by solving the Eq. (2.25) for M. Up to the leading order 
in the parameter ^ the 0"*"+ glueball masses are given by 



. ^ 1 (2.H-im, 1)(2„.3) 



When the boost parameter 7 satisfied the condition 



0<-,<|^, (2.27) 
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the mass spectrum (2.26) takes real numbers for positive integer n = 1, 2, 3, ... . The condition 
(2.27) is stronger than the condition (2.23). The boost parameter 7 is restricted by the instanton 
density q. 

We next evaluate the glueball masses up to the subleading order in the parameter The 
mass spectrum is given by 



2/+(n) 



'{L+SL) 



a Y 97(1 -0^7^) 



(2.28) 



with the condition (2.27) and 



Mi 



0++ 
{L+SL) 



V- 



n 



(2.29) 



with the condition 



a^q 



97 (1 - a^li,) ' 

< 7 . Here f±{n) is the same function as (2.16). When we take the limit 



g ^ 0, then the glueball masses (2.29) take the complex values and the states for 0"^"'" glueball 
with the masses (2.29) becomes unstable. By virtue of the instanton effects, the states for O"*"^ 
glueball with the masses (2.29) becomes stable. Although the instanton effects changes the 
0"'""'" glueball masses, they do not affect the ratio of the O"*"^ glueball masses. The ratios of the 
O"*""*" glueball masses M^'^^^^ and M^^^^^^ in NCYM theory in a constant self-dual background 
are listed in Table 3. The ratios of the glueball masses M^^^^j^-^ is different from that of the 



state 


M (up to subleading) 


M (up to subleading) 


0++ 


1 (input) 


1 (input) 


0++* 


1.89 


0.75 


g++** 


2.73 


0.63 


qH — 


3.56 


0.56 



Table 3: Masses of the 0"'"'' glueball in NCYM in a constant self dual background. 



glueball masses M^^^g^. 



3 The 1 glueball masses in noncommutative gauge the- 
ory 

We next evaluate the 1 glueball masses in NCSYM theory in four dimensions using the 
dual supergravity description. The 1~^ and 1 glueball masses can be derived from the 2- 
point function of the dimension 6 two-form operators = d°''"^Ff^p°' F'"^'' Fcru'^ , where d"''"^ is the 
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symmetric structure constant. The two-form operator Oq couples to the real part of a complex- 
valued antisymmetric tensor field A^^, field which consists of the NS-NS and R-R two-forms 
fields. The operator contains 1""*" and 1 components, which correspond to the fields A^i 
and Aij, where i,j = 1,2,3 correspond to the three coordinates of R^. When we evaluate the 
l""*" and 1 glueball masses, we have to solve the classical equation of motion of the massless 
antisymmetric tensor field A^j, in the supergravity background |23j . 

Consider the wave equation for the complex- valued antisymmetric tensor field A^j,: 

{v^9[,A,.](7^'VV} = 0, (3.1) 

where the square brackets [ ] denotes antisymmetrization with the indices. Assuming the 
simplest ansatz we take only one component of the fluctuation. Under this assumption, the 
l""*" or 1 glueball mass spectrum depends on the components of the fluctuation, since the 
metric (2.1) is anisotropic in due to the B-field background. First of all, we assume the only 
one component of the fluctuation Ai^ to be different from zero. The component y4i3 corresponds 
to the 1 glueball. 

We assume that the antisymmetric tensor field A13 is of the form A13 = il){u)e'^^'^ . Using 
the metric (2.1) one obtain the differential equation for Ai^: 

[udu^iu) ] + [y^^ (1 - /5'(1 + aV)) I i^iu) = , (3.2) 

In deriving the wave equation (3.2), we have chosen a particular momentum = (— ^M=, 0, --^==, 0). 
Changing the variables to 2; = 21n(a-u), we have the Schrodinger type equation as 

+ l^i^3"> = . (3.3) 

Here V^^ denotes the potential 

= --M^a^-fe-'{e' - aV)(e' - aV) , (3-4) 
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where 



with 7 = Yz:^- The WKB approximation for this potential can be rewritten by using the 
variable y = a~^e^: 




= h,a^^ r dy, r'* , (3.6) 



9 



where n denotes the integer. Carrying out of this integration, we obtain the mass spectrum for 
1 gluebaU: 



As expected, the glueball masses are proportional to the inverse of the noncommutativity 
parameter. 

In the next place, we assume the only one component of the fluctuation Aq^ to be different 
from zero. The component Aqs corresponds to the glueball. 
The wave equation for Aq^ is given by 

du[uduip{u)] - <- — — >ip{u) = 0. (3.8) 



u 



In deriving the wave equation (3.8), we have set the dependencies Aq^, = ^l>{u)e and chosen a 
particular momentum fc^ = (— ^===, 0, —j==^ 0). Under the change of variables to 2; = 2 In(ati), 
one obtains the Schrodinger form of the equation: 

< + = ■ (3.9) 

Here Vq^ ^ denotes the potential 

^or = -^MV7e-(l + e2^), (3.10) 
where 7 = -Am- Since the potential Vq^ ^ takes negative value for all region of z, there is no 



turning point. Hence the WKB approximation for this potential VJ)3 ^ cannot lead the discrete 



lation for this potential 
mass spectrum for 1""*" glueball. 

The remaining components which we should investigate are Aqi and A23. The components 
Aqi and A23 correspond to the 1 and 1 glueball, respectively. We assume that the anti- 
symmetric tensor field A^^, are of the form A^^, = f{u)e^^'^ and choose a particular momentum 
= { /"^ 0, f^^ ,0). For a suitable redefinition of the function fiu) and the change 
of variable, we obtain the Schrodinger type equations for Aqi and ^123. The corresponding 
potentials with the Schrodinger equations for Aqi and A22, are given as follows, 

= - jAf^aSe-d + e-) - (2 - ^) . (3.11) 

V^-- = -M\\l + 7) e-^ - ^ + -^^^^ , (3.12) 

respectively. These potentials have two turning points for a certain region in 7. Hence the 
WKB approximation for the potentials Vq\ ^ and V^g implies the discrete mass spectrum for 
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l""*" and 1 glueball. For evaluation of these mass spectra, numerical approach is more useful 
than the WKB approximation. More detailed analysis will be shown in pT] . 

The ratios of the 1 glueball masses obtained by solving the wave equation for antisym- 
metric tensor field in the WKB approximation are listed in Table 4. The supergravity results 
in finite temperature Yang-Mills theory in four dimensions are also listed in the same table. 



state 


NCYMi (WKB) 


QCD^ (WKB) jSH] 


1~ 


1 (input) 


1 (input) 


1—* 


1.67 


1.75 


— — 


2.33 




— — 


3.00 




Table 4: 


Masses of the 1 


glueball in NCYM4. 



From Table 4, we find that the difference between the supergravity results in the QCD and 
the supergravity ones in the NCYM theory is not so large. 

4 Conclusions and Discussions 

In this paper, we have evaluated the ratios of the glueball masses in large NCSYM theories 
via the dual supergravity description. The mass spectrum of the scalar glueball 0'''+ and vector 
glueballs 1 in noncommutative gauge theories are evaluated by solving the wave equations 
in the dual supergravity background. 

In evaluating the mass eigenvalues, we have applied the WKB analysis to the supergravity 
wave equations. The WKB analysis exhibits that the mass spectrum for the glueball is discrete 
with a finite gap due to the space-space noncommutativity. The glueball masses in noncommu- 
tative gauge theories depend on the noncommutativity parameter a with dimension of length. 
The ratio of the glueball masses, however, does not depend on the noncommutativity parame- 
ter. These ratios are not so different from the non-supersymmetric model of QCD data. The 
supergravity dual of the noncommutative super Yang-Mills theory in a constant self-dual gauge 
field background is constructed by a certain limit of superposition of D3-brane and D(-l)-brane 
backgrounds. The effects of the constant self-dual gauge field background in noncommutative 
gauge theory can be estimated using the dual supergravity description. The constant self-dual 
gauge field background makes unstable glueball in noncommutative gauge theory stable with 
large D-instanton density q. 

The noncommutative gauge theories is not conformal due to the noncommutativity of space 
PT] and the space-space noncommutativity is refiected in some physical quantities in the non- 
commutative gauge theories. For instance, the Wilson loops in noncommutative gauge theory 
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exhibit area law behavior for the noncommutativity effects are large. The string tension, which 
can be read off from the area law, is controlled by the noncommutativity parameter. Similarly, 
the discrete mass spectra of the glueball in noncommutative gauge theory are caused by the 
space-space noncommutativity. The glueball masses are also controlled by the noncommuta- 
tivity parameter. 

The glueball mass spectrum for ordinary A/" = 1 super Yang-Mills theory within the 
Maldacena-Niinez solution has been investigated and it has been shown that a discrete spec- 
trum and a mass gap for glueball can be produced without any sort of cut-off [32]. It would 
be interesting subject to investigate the glueball masses in the noncommutative gauge the- 
ories with less than maximal supersymmetry from the noncommutative deformation of the 
Maldacena-Niinez solution. We hope to discuss this subject in the future. 
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